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Norm approximation for many-body quantum
dynamics and Bogoliubov theory
Phan Tha`nh Nam and Marcin Napio´rkowski
Abstract We review some recent results on the norm approximation to the Schro¨dinger
dynamics. We consider N bosons in R3 with an interaction potential of the form
N3β−1w(Nβ (x− y)) with 0 ≤ β < 1/2, and show that in the large N limit, the
fluctuations around the condensate can be effectively described using Bogoliubov
approximation.
1 Introduction
In 1924-25, Bose [11] and Einstein [15] predicted that at a very low temperature,
many bosons condense into a common quantum state. It took 70 years until this
phenomenon was first observed by Cornell, Wieman and Ketterle [4, 13]. Since then,
many interesting questions remain unsolved from the theoretical point of view. In
fact, Bose and Einstein only considered the ideal gas. The study of interacting Bose
gas was initiated in 1947 by Bogoliubov [10]. Roughly speaking, Bogoliubov theory
is based on the reduction to quasi-free states, which can be seen as the bosonic
analogue to the Bardeen–Cooper–Schrieffer theory [6] for superconductivity.
In the last decades, there have been many attempts to justify Bogoliubov theory
from the first principles of quantum mechanics, namely from Schro¨dinger equa-
tion. In the context of the ground state problem, this has been done successfully for
one and two-component Bose gases [35, 36, 49], for the Lee-Huang-Yang formula
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of homogeneous, dilute gases [19, 28, 50] and for the excitation spectrum in the
mean-field regime [47, 23, 32, 14, 44]. In the context of the dynamical problem,
Bogoliubov theory has been used widely to study the quantum dynamics of coher-
ent states in Fock space [29, 21, 22, 46, 26, 27, 24, 30, 9, 25]. Very recently, Lewin,
Schlein and one of us [31] were able to justify Bogoliubov theory as a norm approx-
imation for the N-particle quantum dynamics in the mean-field regime. In [40, 41],
we revisited the approach in [31] and extended it to the case of a dilute gas. In the
following, we will review our results in [40, 41] and explain the ideas of the proof.
We consider a system of N bosons in R3, described by a wave function ΨN(t)
in the Hilbert space HN =
⊗N
sym L2(R3). The system is governed by Schro¨dinger
equation ΨN(t) = e−itHNΨN(0) with a typical N-body Hamiltonian
HN =
N
∑
j=1
−∆x j +
1
N− 1 ∑1≤ j<k≤N wN(x j − xk).
We are interested in the delta-type interaction
wN(x− y) = N3β w(Nβ (x− y))
where w ≥ 0 is a fixed function which is nice enough (smooth, compact support,
radially symmetric and decreasing). We put the coupling constant 1/(N−1) in order
to make the kinetic energy and interaction energy comparable in the large N limit.
The parameter β ≥ 0 describes the character of the interaction between the par-
ticles. In the mean-field regime β < 1/3, there are many but weak collisions and
it is naturally to treat the particles as if they were independent but subjected to a
common self-consistent mean-field potential. In the dilute regime β > 1/3, there
are few but strong collisions and the particles are more correlated. The latter regime
is more relevant physically, but also more difficult mathematically.
Our motivation is that ΨN(0) is the ground state of a trapped system and the
time evolution ΨN(t) is observed when the trapping potential is turned off. From the
rigorous result on the ground state in [32], we will assume that
ΨN(0) =
N
∑
n=0
u(0)⊗(N−n)⊗s ϕn(0) =
N
∑
n=0
(a∗(u(0)))N−n√
(N− n)! ϕn(0) (1)
where u(0) is a normalized function in L2(R3) which describes the condensate and
Φ(0) = (ϕn(0))∞n=0 is a state in the Fock space F ({u0}⊥) (see (4) below) for excited
particles. Here we use the usual notations of the annihilation and creation operators
a∗( f ) =
∫
R3
f (x)a∗x dx, a( f ) =
∫
R3
f (x)ax dx, ∀ f ∈ H,
which satisfy [a∗x ,a∗y] = [ax,ay] = 0, [ax,a∗y ] = δ (x− y).
When β = 0, it was shown in [31] that if (1) holds then
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lim
N→∞
∥∥∥∥∥ΨN(t)− N∑
n=0
u(t)⊗(N−n)⊗s ϕn(t)
∥∥∥∥∥= 0 (2)
(see also the recent work [39] for another approach). Here u(t) is the evolution of
the condensate, governed by Hartree equation
i∂tu(t) =
(−∆ +wN ∗ |u(t)|2− µN(t))u(t), u(t = 0) = u(0) (3)
with the phase parameter µN(t) which can be chosen as
µN(t) =
1
2
∫∫
R3×R3
|u(t,x)|2wN(x− y)|u(t,y)|2 dxdy.
The vector Φ(t) = (ϕn(t))∞n=0 in (2) is a state in the excited Fock space
F+(t) = F ({u(t)}⊥) =
∞⊕
n=0
H+(t)n, H+(t)n =
n⊗
sym
{u(t)}⊥ (4)
and its evolution is determined by Bogoliubov equation
i∂tΦ(t) =H(t)Φ(t), Φ(t = 0) = Φ(0). (5)
Here H(t) is a quadraric Hamiltonian in Fock space:
H(t) = dΓ(h(t))+ 1
2
∫∫
R3×R3
(
K2(t,x,y)a∗xa∗y +K2(t,x,y)axay
)
dx dy,
which is obtained from Bogoliubov approximation (which we will explain in Sec-
tion 2). We use the notations dΓ(A) = ∫ a∗xAxax dx (for example, dΓ(1) = N is the
number operator) and
h(t) =−∆ + |u(t, ·)|2 ∗wN − µN(t)+Q(t)K˜1(t)Q(t),
K2(t) = Q(t)⊗Q(t)K˜2(t), Q(t) = 1−|u(t)〉〈u(t)|,
where K˜2(t,x,y) = u(t,x)wN(x−y)u(t,y) is a function in H2 and K˜1(t) is an operator
on H with kernel K˜1(t,x,y) = u(t,x)wN(x− y)u(t,y).
In order to extend (2) to the case β > 0, we have to restrict the initial state Φ(0)
in (1) to quasi-free states (namely the states satisfying Wick theorem) with finite ki-
netic energy. This reduction is again motivated by the rigorous properties of ground
states in [32]. Our main result in [41] is
Theorem 1 (Validity of Bogoliubov theory as a norm approximation). LetΨN(t)=
e−itHNΨN(0) with ΨN(0) given in (1). We assume
• u(t) satisfies Hartree equation (3) with the (possibly N-dependent) initial state
u(0, ·) satisfying ‖u(0, ·)‖Wℓ,1(R3) ≤C for ℓ sufficiently large;
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• Φ(t) = (ϕn(t))∞n=0 ∈ F+(t) satisfies Bogoliubov equation (5) (or equivalently,
equation (13) in Section 2) with the (possibly N-dependent) initial state Φ(0)
being a quasi-free state in F+(0) such that for all ε > 0,〈
Φ(0),N Φ(0)
〉≤Cε Nε , 〈Φ(0),dΓ(1−∆)Φ(0)〉≤Cε Nβ+ε . (6)
Then for all 0 ≤ β < 1/2, all ε > 0 and all t > 0 we have
∥∥∥ΨN(t)− N∑
n=0
u(t)⊗(N−n)⊗s ϕn(t)
∥∥∥2
HN
≤Cε (1+ t)1+εN(2β−1+ε)/2. (7)
Convention. We always denote by C (or Cε ) a general positive constant independent
of N and t (Cε may depend on ε).
There are grand canonical analogues of (2) related to the fluctuations around
coherent states in Fock space [29, 21, 22, 26, 27, 24, 30]. In particular, our Theorem
1 is comparable to the Fock-space result of Kuz [30]. Thanks to a heuristic argument
in [30], the range 0 ≤ β < 1/2 is optimal for the norm approximation (2) to hold.
When β > 1/2, to achieve (2) we have to modify the effective equations to take
two-body scattering processes into account. This has been done in the Fock space
setting by Boccato, Cenatiempo and Schlein [9] and Grillakis and Machedon [25]
(see also [5] for a related study). Similar results for N-particle dynamics are still
open and we hope to be able to come back to this problem in the future.
The proof of Theorem 1 in [41] is built up on the previous works [31] and [40].
The main new ingredient is the following kinetic estimate.
Theorem 2 (Kinetic estimate). Let ΨN(0) as in Theorem 1. Then for all 0 < β <
1/2, all ε > 0 and all t > 0, we have〈
ΨN(t),dΓ(Q(t)(1−∆)Q(t))ΨN(t)
〉≤Cε(Nβ+ε +N3β−1). (8)
We can introduce the density matrix γ(1)ΨN (t) : H → H with kernel γ
(1)
ΨN (t)(x,y) =
〈ΨN(t),a∗yaxΨN(t)〉 and rewrite (8) as
Tr
(√
1−∆Q(t)γ(1)ΨN(t)Q(t)
√
1−∆
)
≤Cε (Nβ+ε +N3β−1). (9)
By the Cauchy-Schwarz inequality, (9) implies that for all 0 < β < 2/3,
lim
N→∞
Tr
∣∣∣√1−∆(N−1γ(1)ΨN −|u(t)〉〈u(t)|)√1−∆∣∣∣= 0 (10)
(see Section 3 for more details). In case β = 0, the approximation of the form (10)
has been studied in [38, 37, 3, 39]. Note that (10) is stronger than the standard
definition of the Bose-Einstein condensation
lim
N→∞
Tr
∣∣∣N−1γ(1)ΨN −|u(t)〉〈u(t)|∣∣∣= 0 (11)
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which has been studied by many authors; see [48, 7, 20, 1, 16] for some pioneer
works (in these works, the convergence (11) was derived using the BBGKY hierar-
chy, a method that is less quantitative than our approach).
Note that when β = 1 (the Gross–Pitaevskii regime), the strong correlations be-
tween particles require a subtle correction: the nonlinear term wN ∗|u(t)|2 in Hartree
equation (3) has to be replaced by 8pia|u(t)|2 with a being the scattering length of
w. This has been justified rigorously in the context of the Bose-Einstein condensa-
tion (11); see [34, 33, 43] for the ground state problem and [18, 17, 8, 45] for the
dynamical problem. The norm approximation is completely open.
In the rest, we discuss Hartree and Bogoliubov equations in Section 2, and then
go to the proofs of Theorems 2 and Theorem 1 in Sections 3 and 4, respectively.
2 Effective equations
We recall the well-posedness of Hartree equation from [24, Prop. 3.3 & Cor. 3.4].
Lemma 1 (Hartree equation). If u(0, ·) ∈ H2(R3), then Hartree equation (3) has
a unique global solution u ∈ C([0,∞),H2(R3))∩C1((0,∞),L2(R3)). Moreover, if
‖u(0, ·)‖Wℓ,1(R3) ≤C with ℓ sufficiently large, then
‖u(t, ·)‖H2 ≤C, ‖∂tu(t, ·)‖L2 ≤C, ‖u(t, ·)‖L∞ + ‖∂tu(t, ·)‖L∞ ≤C(1+ t)−3/2.
As in [32, Sec. 2.3], any vector Ψ ∈HN can be written uniquely as
Ψ =
N
∑
n=0
u(t)⊗(N−n)⊗s ϕn =
N
∑
n=0
(a∗(u(t)))N−n√
(N− n)! ϕn
with ϕn ∈ H+(t)n. This gives rise to the unitary operator UN(t) : HN → 1≤NF+(t)
UN(t)Ψ = ϕ0⊕ϕ1⊕·· ·⊕ϕN .
Here 1≤N for the projection onto C⊕H⊕ ·· ·⊕HN . Some fundamental properties
of UN(t) can be found in [32, Proposition 4.2] and [31, Lemma 6].
Next, as in [31], we introduce ΦN(t) := UN(t)ΨN(t) and rewrite Schro¨dinger
equation as
i∂tΦN(t) = H˜N(t)ΦN(t), ΦN(0) = 1≤NΦ(0). (12)
Here H˜N(t) = 1≤N
[
H(t)+ 12 ∑4j=0(R j +R∗j)
]
1
≤N with
R0 = dΓ (Q(t)[wN ∗ |u(t)|2 + K˜1(t)− µN(t)]Q(t))1−NN− 1 ,
R1 =−2N
√
N−N
N− 1 a(Q(t)[wN ∗ |u(t)|
2]u(t)),
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R2 =
∫∫
K2(t,x,y)a∗xa
∗
y dxdy
(√
(N−N )(N−N − 1)
N− 1 − 1
)
,
R3 =
√
N−N
N− 1
∫∫∫∫
(1⊗Q(t)wNQ(t)⊗Q(t))(x,y;x′,y′)×
× u(t,x)a∗yax′ay′ dxdydx′dy′,
R4 =
1
2(N− 1)
∫∫∫∫
(Q(t)⊗Q(t)wNQ(t)⊗Q(t))(x,y;x′,y′)×
× a∗xa∗yax′ay′ dxdydx′dy′.
(In R0 and R1 we write wN for the function wN(x), while in R3 and R4 we write wN
for the two-body multiplication operator wN(x− y).)
The idea of Bogoliubov approximation is that when N → ∞ all error terms R j’s
are so small that we can ignore them and replace (12) by Bogoliubov equation (5).
Some important properties of this equation are collected in the following
Lemma 2 (Bogoliubov equation). (i) If Φ(0) belongs to the quadratic form domain
Q(dΓ(1−∆)), then equation (5) has a unique global solution in Q(dΓ(1−∆)).
Moreover, the pair of density matrices (γΦ(t),αΦ(t)) is the unique solution to
i∂tγ = hγ− γh+K2α −α∗K∗2 ,
i∂tα = hα +αhT +K2 +K2γT + γK2,
γ(t = 0) = γΦ(0), α(t = 0) = αΦ(0).
(13)
(ii) If we assume further that Φ(0) is a quasi-free state in F+(0), then Φ(t) is a
quasi-free state in F+(t) for all t > 0 and
〈Φ(t),N Φ(t)〉 ≤C
(
〈Φ(0),N Φ(0)〉2 +[log(2+ t)]2
)
. (14)
Recall that γΦ(t) : H → H, αΦ(t) : H ≡ H∗ → H are operators with kernels
γΦ(t)(x,y) = 〈Φ(t),a∗yaxΦ(t)〉, αΦ(t)(x,y) = 〈Φ(t),axayΦ(t)〉 and K2 : H≡H∗→H
is an operator with kernel K2(t,x,y). Note that (13) is similar (but not identical) to
the effective equations used in the Fock space setting in [24, 30].
Proof. (i) For existence and uniqueness of Φ(t), we refer to [31, Theorem 7]. To
derive (13), we use (5) to compute
i∂tγΦ(t)(x′,y′) = i∂t〈Φ(t),a∗y′axΦ(t)〉= 〈Φ(t), [a∗y′ax,H(t)]Φ(t)〉
=
∫∫
h(t,x,y)
(
δ (x′− x)γΦ(t)(y,y′)− δ (y′− y)γΦ(t)(x′,x)
)
dxdy
+
1
2
∫∫
k(t,x,y)
(
δ (x′− x)α∗Φ(t)(y,y′)+ δ (x′− y)α∗Φ(t)(y′,x)
)
dxdy
− 1
2
∫∫
k∗(t,x,y)
(
δ (y′− y)αΦ(t)(x,x′)+ δ (y′− x)αΦ(t)(y,x′)
)
dxdy
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=
(
h(t)γΦ(t)− γΦ(t)h(t)+K2(t)α∗Φ(t)−αΦ(t)K∗2 (t)
)
(x′,y′)
This is the first equation in (13). The second equation is proved similarly.
(ii) Now we show that if Φ(0) is a quasi-free state, then Φ(t) is a quasi-free state
for all t > 0. We will write (γ,α) = (γΦ(t),αΦ(t)) for short. Let us introduce
X := γ + γ2−αα∗, Y := γα −αγT.
It is a general fact (see, e.g., [40, Lemma 8]) that Φ(t) is a quasi-free state if and
only if X(t) = 0 and Y (t) = 0. In particular, we have X(0) = 0 and Y (0) = 0 by the
assumption on Φ(0). Using (13) it is straightforward to see that
i∂tX = hX −Xh+ kY∗−Yk∗,
i∂tX2 = (i∂tX)X +X(i∂tX) = hX2−X2h+(K2Y ∗−YK∗2 )X +X(K2Y ∗−YK∗2 ).
Then we take the trace and use Tr(hX2−X2h) = 0 (hX2 and X2h may be not trace
class but we can introduce a cut-off; see [40] for details). We find that
‖X(t)‖2HS ≤ 4
∫ t
0
‖K2(s)‖ · ‖X(s)‖HS · ‖Y(s)‖HS ds
We also obtain a similar bound for ‖Y (t)‖HS. Then summing these estimates and
using the fact that ‖K2(t)‖ is bounded uniformly in time, we conclude by Gro¨nwall’s
inequality that X(t) = 0, Y (t) = 0 for all t > 0 .
A similar argument can be used to the uniqueness of solutions to (13).
To obtain (14), we first estimate ‖α‖2HS + ‖γ‖2HS by a Gro¨nwall-type inequality,
and then use the identity ‖α‖2HS = Tr(γ + γ2). We refer to [40] for details. ⊓⊔
3 Kinetic bounds
In this section, we discuss Theorem 2. As mentioned, it is equivalent to (9) and in
case β < 2/3 it implies (10). Let us explain the implication from (9) to (10) in more
details. We will write P(t) = |u(t)〉〈u(t)| for short. We can decompose
N−1γ(1)ΨN(t)−P(t) = N
−1Q(t)γ(1)ΨN(t)Q(t)−N
−1Tr
(
Q(t)γ(1)ΨN (t)Q(t)
)
P(t)
+N−1Q(t)γ(1)ΨN (t)P(t)+N
−1P(t)γ(1)ΨN (t)Q(t)
and use the triangle inequality of the trace norm to estimate
Tr
∣∣∣√1−∆(N−1γ(1)ΨN −|u(t)〉〈u(t)|)√1−∆∣∣∣
≤ N−1Tr
(√
1−∆Q(t)γ(1)ΨN(t)Q(t)
√
1−∆
)
+N−1Tr
(
Q(t)γ(1)ΨN(t)Q(t)
)
‖u(t, ·)‖2H1
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+ 2N−1Tr
∣∣∣√1−∆Q(t)γ(1)ΨN(t)P(t)√1−∆∣∣∣. (15)
Using the Cauchy-Schwarz inequality (for Schatten norm)
Tr
∣∣∣(1−∆)1/2Q(t)γ(1)ΨN(t)P(t)(1−∆)1/2∣∣∣
≤
∥∥∥(1−∆)1/2Q(t)(γ(1)ΨN (t))1/2∥∥∥HS ·∥∥∥(γ(1)ΨN(t))1/2∥∥∥ ·∥∥∥P(t)(1−∆)1/2∥∥∥HS
we deduce from (9) and (15) that for all ε > 0,
Tr
∣∣∣√1−∆(N−1γ(1)ΨN −|u(t)〉〈u(t)|)√1−∆∣∣∣≤Cε Na+ε (16)
where a = max{β −1,(β −1)/2,3β −2,(3β −2)/2}. If β < 2/3, then (10) holds.
Now we turn to another version of Theorem 2. From the definition ΦN(t) =
UN(t)ΨN(t), we can check that Q(t)γ(1)ΨN Q(t) = γ
(1)
ΦN (e.g. by using [32, Proposition
4.2]). Thus Theorem 2 is equivalent to
Theorem 3 (Kinetic estimate). Let ΦN(t) be as in (12), with Φ(0) as in Theorem
1. Then for all ε > 0 and all t > 0, we have〈
ΦN(t),dΓ(1−∆)ΦN(t)
〉≤Cε(Nβ+ε +N3β−1+ε). (17)
Before proving Theorem 3, let us start with a simpler bound.
Lemma 3 (Bogoliubov kinetic bound). Let Φ(t) be as in Theorem 1. Then〈
Φ(t),dΓ(1−∆)Φ(t)〉≤Cε Nβ+ε , ∀t > 0.
Proof. For a general quadratic Hamiltonian, we have
dΓ(H)+ 1
2
∫∫ (
K(x,y)a∗xa
∗
y +K(x,y)axay
)
dxdy≥−1
2
∫∫
|(H−1/2x K(x,y)|2 dxdy.
This bound can be found in our recent joint work with Solovej [42, Lemma 9] (see
also [12, Theorem 5.4] for a similar result). Combining this with the Sobolev-type
estimate (see [41, Lemma 6])
‖(1−∆x)−1/2K2(t, ·, ·)‖2L2 + ‖(1−∆x)−1/2∂tK2(t, ·, ·)‖2L2 ≤Cε (1+ t)−3Nβ+ε
we obtain the quadratic form inequalities (see [41, Lemma 7])
±
(
H(t)+ dΓ(∆)
)
≤ ηdΓ(1−∆)+Cε (N +N
β+ε)
η(1+ t)3 , (18)
±∂tH(t)≤ ηdΓ(1−∆)+Cε (N +N
β+ε)
η(1+ t)3 , (19)
±i[H(t),N ]≤ ηdΓ(1−∆)+Cε (N +N
β+ε)
η(1+ t)3 (20)
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for all η > 0. On the other hand, from Bogoliubov equation (5), we have
〈
Φ(t),H(t)Φ(t)
〉− 〈Φ(0),H(0)Φ(0)〉 = ∫ t
0
〈
Φ(s),∂sH(s)Φ(s)
〉
ds. (21)
Using (18) with η = 1/2 we have 〈Φ(0),H(0)Φ(0)〉≤Cε Nβ+ε and
〈
Φ(t),H(t)Φ(t)
〉 ≥ 1
2
〈
Φ(t),dΓ(1−∆)Φ(t)〉−Cε(〈Φ(t),N Φ(t)〉+Nβ+ε)
Using (19) with η = (1+ t)−3/2 we get〈
Φ(t),∂tH(t)Φ(t)
〉≤Cε(1+ t)−3/2(〈Φ(t),dΓ(1−∆)Φ(t)〉+Nβ+ε).
Thus (21) implies that
〈
Φ(t),dΓ(1−∆)Φ(t)〉≤Cε ∫ t
0
(1+ s)−3/2
〈
Φ(s),dΓ(1−∆)Φ(s)〉ds
+Cε
(〈
Φ(t),N Φ(t)
〉
+Nβ+ε
)
. (22)
Similarly, we can estimate ∂t〈Φ(t),N Φ(t)〉 by using Bogoliubov equation (5) and
(20) with η = (1+ t)−3/2. Then we integrate the resulting bound and obtain
〈Φ(t),N Φ(t)〉 ≤Cε
∫ t
0
(1+ s)−3/2
〈
Φ(s),dΓ(1−∆)Φ(s)〉ds+CεNβ+ε .
Inserting the latter inequality into the right side of (22) we obtain
〈
Φ(t),dΓ(1−∆)Φ(t)〉≤Cε(1+ s)−3/2∫ t
0
〈
Φ(s),dΓ(1−∆)Φ(s)〉ds+CεNβ+ε .
The desired result then follows from a Gronwall-type inequality. ⊓⊔
The proof of Theorem 3 is based on a similar argument. We will use the following
estimates on the error terms R j’s in (12) (see [41, Lemmas 9, 11]).
Lemma 4 (Control of error terms). Let R j’s be as in (12). Then we have the
quadratic form estimates on 1≤NF+(t):
±(R j +R∗j)≤η
(
R4 +
N 2
N
)
+
C(1+N )
η(1+ t)3 , ∀η > 0, ∀ j = 0,1,2,3,
0≤ R4 ≤CN3β−1N 2, R4 ≤CNβ−1dΓ(−∆)N ,
±∂t(R j +R∗j)≤ η
(
R4 +
N 2
N
)
+
C(1+N )
η(1+ t)3 , ∀ j = 0,1,2,3,4,
±i[(R j +R∗j),N ]≤ η
(
R4 +
N 2
N
)
+
C(1+N )
η(1+ t)3 , ∀ j = 0,1,2,3,4.
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Now we are ready to provide
Proof (of Theorem 3). From (12) we have
〈
ΦN(t), H˜N(t)ΦN(t)
〉− 〈ΦN(0), H˜N(0)ΦN(0)〉= ∫ t
0
〈
ΦN(s),∂sH˜N(s)ΦN(s)
〉
ds.
(23)
Using (18) and Lemma 4, we can estimate
〈
ΦN(t), H˜N(t)ΦN(t)
〉≥ 1
2
〈
ΦN(t),(dΓ(1−∆)+R4)ΦN(t)
〉
−Cε
(
Nβ+ε +
〈
ΦN(t),N ΦN(t)
〉)
,〈
ΦN(0), H˜N(0)ΦN(0)
〉≤Cε (Nβ+ε +N3β−1+ε).
Here in the last inequality, we have used R4 ≤ CN3β−1N 2 (see Lemma 4) and a
well-known moment estimate for every quasi-free state Φ:〈
Φ,(1+N )sΦ
〉
≤Cs
〈
Φ,(1+N )Φ
〉s
(24)
where the constant Cs depends only on s ∈ N (see e.g. [40, Lemma 5]). Moreover,
from (19) and Lemma 4 we obtain〈
ΦN(t),∂t H˜N(t)ΦN(t)
〉≤Cε (1+ t)−3/2(〈ΦN(t),(dΓ(1−∆)+R4)ΦN(t)〉+Nβ+ε).
Thus (23) implies that
〈
ΦN(t),(dΓ(1−∆)+R4)ΦN(t)
〉≤Cε ∫ t
0
〈
ΦN(s),(dΓ(1−∆)+R4)ΦN(s)
〉
(1+ s)3/2
ds
+Cε
(
Nβ+ε +N3β−1+ε +
〈
ΦN(t),N ΦN(t)
〉)
. (25)
Next, we estimate ∂t
〈
ΦN(t),N ΦN(t)
〉
by using (12), (20) and the last inequality in
Lemma 4. Then we integrate the resulting bound to get
〈Φ(t),N Φ(t)〉 ≤Cε
∫ t
0
(1+ s)−3/2
〈
ΦN(s),(dΓ(1−∆)+R4)ΦN(s)
〉
ds+CεNβ+ε .
Substituting the latter estimate into (25), we find that〈
ΦN(t),(dΓ(1−∆)+R4)ΦN(t)
〉
≤Cε
∫ t
0
〈
ΦN(s),(dΓ(1−∆)+R4)ΦN(s)
〉
(1+ s)3/2
ds+Cε(Nβ+ε +N3β−1+ε).
By a Gronwall-type inequality, we conclude that〈
ΦN(t),(dΓ(1−∆)+R4)ΦN(t)
〉≤Cε (Nβ+ε +N3β−1+ε).
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Since R4 ≥ 0, the desired kinetic estimate follows. ⊓⊔
4 Norm approximation
Proof (of Theorem 1). Step 1. The desired estimate (7) is
‖ΨN(t)−UN(t)∗1≤NΦ(t)‖2HN ≤Cε(1+ t)1+εN(2β+ε−1)/2, ∀ε > 0.
Since Φ(t) =UN(t)ΨN(t) and UN(t) : HN → 1≤NF+(t) is a unitary operator,
‖ΨN(t)−UN(t)∗1≤NΦ(t)‖HN = ‖UN(t)ΨN(t)−1≤NΦ(t)‖ ≤ ‖ΦN(t)−Φ(t)‖.
It remains to bound ‖ΦN(t)−Φ(t)‖. Using equations (5) and (12), we can write
∂t‖ΦN(t)−Φ(t)‖2 = 2ℜ
〈
iΦN(t),(H˜N(t)−H(t))Φ(t)
〉 (26)
=
4
∑
j=0
ℜ
〈
iΦN(t),(R j +R∗j)1≤NΦ(t)
〉− 2ℜ〈iΦN(t),H1>NΦ(t)〉
where 1>N := 1−1≤N. Next, we will estimate the right side of (26).
Step 2. To bound the last term of (26), we use ΦN(t) ∈ 1≤NF+(t) to write〈
ΦN(t),H1>NΦ(t)
〉
=
〈
ΦN(t),(H− dΓ(h))1>NΦ(t)
〉
.
As in the proof of Lemma 3, we can show that
±(H− dΓ(h))≤C(N +N3β ).
It is a general fact that if ±B ≤ A as quadratic forms, then we have the Cauchy-
Schwarz type inequality |〈 f ,Bg〉| ≤ 3〈 f ,A f 〉1/2〈g,Ag〉1/2. Consequently,∣∣〈ΦN(t),(H− dΓ(h))1>NΦ(t)〉∣∣
≤ 3〈ΦN(t),(N +N3β )ΦN(t)〉1/2〈1>NΦ(t),(N +N3β )1>NΦ(t)〉1/2
≤ 3(N +N3β )1/2〉1/2〈1>NΦ(t),(N +N3β )N sN−s1>NΦ(t)〉1/2
for all s ≥ 1. The term 〈Φ(t),N sΦ(t)〉 can be bounded by (24) and the bound on
〈Φ(t),N Φ(t)〉 in Lemma 2. We can choose s large enough (but fixed) and obtain∣∣〈ΦN(t),H1>NΦ(t)〉∣∣≤Cε(1+ t)εN−1. (27)
Step 3. To control the first term on the right side of (26), we have to introduce a
cut-off on the number of particles. Since there are at most 2 creation or annihilation
operators in the expressions of R j’s, we can write
12 P.T. Nam and M. Napio´rkowski〈
ΦN(t),(R j +R∗j)1≤NΦ(t)
〉
=
〈
1
≤MΦN(t),(R j +R∗j)1≤M+2Φ(t)
〉
+
〈
1
>MΦN(t),(R j +R∗j)1≤N1>M−2Φ(t)
〉
for all 4 < M < N − 2. Then we estimate each term on the right side by Lemma 4
and the Cauchy-Schwarz type inequality as in Step 2. We obtain∣∣〈ΦN(t),(R j +R∗j)1≤NΦ(t)〉∣∣≤C(E1 +E2) (28)
where
E1 = infη>0
〈
1
≤MΦN(t),
(
(1+η)R4+η
N 2
N
+
1+N
η(1+ t)3
)
1
≤MΦN(t)
〉1/2
×
〈
1
≤M+2Φ(t),
(
(1+η)R4+η
N 2
N
+
1+N
η(1+ t)3
)
1
≤M+2Φ(t)
〉1/2
,
E2 = infη>0
〈
1
>MΦN(t),
(
(1+η)R4+η
N 2
N
+
1+N
η(1+ t)3
)
1
>MΦN(t)
〉1/2
×
〈
1
>M−2Φ(t),
(
(1+η)R4+η
N 2
N
+
1+N
η(1+ t)3
)
1
>M−2Φ(t)
〉1/2
.
To bound E1, we use
1
≤MR4 ≤CNβ−11≤MN dΓ(−∆)≤CNβ−1MdΓ(−∆)
(see Lemma 4) together with the kinetic estimate in Theorem 3, and then optimize
over η > 0. We get
E1 ≤Cε
(
MN(2β+ε−1)/2 +M3/2N−1/2
)
.
(The error term N3β−1+ε in Theorem 3 is absorbed by Nβ+ε when β < 1/2.)
The bound on E2 is obtained using the argument in Step 2 and reads
E2 ≤Cε,sN3β+1M1−s/2Nsε [log(2+ t)]s.
In summary, from (28) it follows that∣∣〈ΦN(t),(R j +R∗j)1≤NΦ(t)〉∣∣≤Cε(MN(2β+ε−1)/2 +M3/2N−1/2)
+Cε,sN3β+1M1−s/2Nsε [log(2+ t)]s
for all 4 < M < N− 2 and s ≥ 2. We can choose M = N3ε and s = s(ε) sufficiently
large (e.g. s≥ 6(1+β + ε)/ε) to obtain∣∣〈ΦN(t),(R j +R∗j)1≤NΦ(t)〉∣∣≤Cε(N(2β+9ε−1)/2+N−1(1+ t)ε). (29)
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Step 4. Inserting (27) and (29) into (26), we find that
∂t‖ΦN(t)−Φ(t)‖2 ≤Cε
(
N(2β+9ε−1)/2+N−1(1+ t)ε
)
.
Integrating over t and using
‖ΦN(0)−Φ(0)‖2 = 〈Φ(0),1>NΦ(0)〉 ≤ N−1〈Φ(0),N Φ(0)〉 ≤Cε Nε−1.
we obtain
‖ΦN(t)−Φ(t)‖2 ≤Cε (1+ t)1+εN(2β+9ε−1)/2
for all ε > 0. This leads to the desired estimate (7), as explained in Step 1. ⊓⊔
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